
Quantum Physics Answer Sheet 5

1. The time-independent Schrödinger equation is

− h̄2

2m

d2ψ(x)

dx2
+ V (x)ψ(x) = Eψ(x) .

If the wavefunction

ψn(x) =

{ √
2
d

sin
(
nπx
d

)
0 < x < d

0 otherwise

is a normalised energy eigenfunction, the following conditions hold:

(a) ψn(x) satisfies the boundary conditions: ψn(0) = ψn(d) = 0.

(b) ψn(x) satisfies the time-independent Schrödinger equation for 0 < x < d.

(c) ψn(x) is normalised.

Consider these conditions one by one:

(a) By inspection, ψn(x) satisfies the boundary conditions for n = 1, 2, . . ..

(b) Substitute ψn(x) into the left-hand side of the Schrödinger equation for 0 < x < d:

− h̄2

2m

d2ψn(x)

dx2
+ V (x)ψn(x) = − h̄2

2m

d2ψn(x)

dx2
[V (x) = 0 for 0 < x < d]

= − h̄2

2m

√
2

d

d2

dx2
sin

(
nπx

d

)

=
h̄2

2m

(
nπ

d

)2
√

2

d
sin

(
nπx

d

)

= Enψn(x) , where En =
h̄2n2π2

2md2
.

Hence, ψn(x) satisfies the time-independent Schrödinger equation in the region 0 <
x < d. The corresponding energy eigenvalue is En = h̄2n2π2/2md2.

(c) If ψn(x) is normalised, the integral

N =
∫ d

0
|ψn(x)|2 dx

must be equal to 1. Check this by evaluating the integral:

N =
2

d

∫ d

0
sin2

(
nπx

d

)
dx =

2

d
× d

2
= 1 .

Hence, ψn(x) is normalised.
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2. Using the result of Q1, the energy eigenvalues are:

En =
h̄2n2π2

2md2
n = 1, 2, . . . .

The energy emitted as the nucleon falls from the n = 2 level to the n = 1 level is

E2 − E1 =
3h̄2π2

2md2
≈ 3× (1.05× 10−34)2 × π2

2× 1.67× 10−27 × (10−15)2

≈ 9.8× 10−11 J ≈ 610 MeV .

This is a sensible number. The energy released in fission is about 200 MeV per nucleus.

3. (a) The energy difference ∆E = hc/λ = 6.63× 10−34 × 3× 10−8/5.5× 10−7 = 3.62×
10−19J .

(b) We can use again the result derived in Q1 (or the result from lecture which is equiva-
lent):

En =
h̄2n2π2

2md2
n = 1, 2, . . . .

The transition is between the n= 2 and n= 1 states so that:

∆E =
3h̄2π2

2md2

So we can rearrange this to find d:

d =

√
h̄2n2π2

2m∆E

Which gives d = 3×(1.05×−34)2×π2

2×9.11×10−31×3.62×10−19 = 7.04× 10−10m

(c) d ∝
√

1/∆E ∝
√
λ

so going to 320 nm emission means that d should reduce by a factor
√

320
550

= 0.763, so
d = 5.37× 10−10m.

The depth of well could also be changed as the well is not exactly infinite this will change
the energy levels, at the same time the electron effective mass and the levels involved in
the transition could also be changed.
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