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Chapter 3

Vectors and Differential Calculus

The mathematical description of physical phenomena is often formulated in terms
of vectors that depend on one or more variables. For example, the trajectory of
a particle under the influence of a force F is described by a position vector r(r)
that depends on the time. Once we assign a meaning to the differentiation of this
vector, we can express Newton’s second law for this particle as

d’r

~ _=—F,
"man

in which m is the mass of the particle.

Vectors and differential calculus is the amalgamation of vector analysis and
differential calculus and allows us to define the differentiation of vectors and var-
ious quantities associated with vectors, as discussed in Chapter 2. In this chapter
we consider only vector functions of a single variable. This will provide the set-
ting for an introductory treatment of derivatives of vectors that can be used to
solve problems in classical mechanics. Extensions of these ideas to vector and
scalar functions in three dimensions, known as scalar and vector fields, respec-
tively, is known as vector calculus, and will be covered in a later course. A brief
introduction will be provided in this chapter.

We begin this chapter with a summary of the definition of the derivative and
the standard results involving derivatives of sums, products and quotients. This
enables us to define the derivative of a vector which, in turn, can be extended
to compound expressions of scalar and vector functions. We then work through
several examples in physics to illustrate the ease with with many standard results
can be recovered with a few simple vector manipulations. This chapter concludes
with a brief introduction to the calculus of vector fields, which assign a vector
to every point in space. The new types of derivatives will be defined and the
corresponding derivatives, along with their physical meanings will be explained.
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32 Linear Algebra
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Figure 3.1: The construction of the derivative in (3.1). (a) The line through the
point (x, f) with slope Af/Ax. (b) The effect of taking the limit Ax — 0, which
results in a line through (x, f) that is tangent to f at x.

3.1 Summary of Differential Calculus

The derivative of a function f of a single independent variable x is defined by the
following limit:

3.1)

o o]

As the construction in Fig. 3.1 demonstrates, the derivative is the slope of the
tangent to f at the point x. All of the properties of derivatives of sums, products,
and quotients of functions follow from this definition, as do the derivatives of
specific functions, as the following example shows.

EXAMPLE 3.1. Suppose f(x) = x>. The derivative of this function with respect
to x can be calculated from first principles by using the definition in (3.1):

d (x?) . [(x+Ax)? —x2 . [2xAx+ (Ax)?
—=1lim|———F——| = lim | —MM*—
dx Ax—0 Ax Ax—0 Ax
= lim (2 =2x. 2
A;glo( x+Ax) = 2x (3.2)

Indeed, by using the binomial theorem and essentially the same steps as above,
we can obtain the general result
d(x")

e "1 (3.3)

for any positive integer 7. Il
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Vectors and Ditferential Calculus 33

The fundamental (‘first principles’) definition in (3.1) can be used to show the
following well-known formulae of sums, products, and quotients of functions, and
the ‘chain rule’ for composite functions (i.e. functions of functions):

d _ A ds d(fe) _df . .dg
a(af%—bg)—adx%—bdx, dx = dxg+fdx’ (34)
d (f\ 1 (df dg df(glx)) dfdg
dx <§> g <dxg fdx> ’ dx  dgdx’ 3:5)

in which a and b are any constants and f and g are any differentiable functions.

3.2 Derivative of a Vector

Suppose we have a vector a(s) that is a function of a parameter s. Such vectors
occur naturally in physical applications, where a is a radius vector and s is the
time, so the curve traced out by the heads of the vectors is the trajectory of a
particle [Fig. 3.2(a)]. The following analysis is not limited to three dimensions,
so we will work with an n-dimensional vector. To calculate the derivative of a(s),
we apply the definition (3.1) to this vector:

da . |a(s+As)—a(s)
& = dm [ a9
y y
(@) da (b)
E|szs;
q
ds |s=s)
a(s3) a(s3)
da
a(sz) a(SZ) ds S=S1
a(s;) ‘a(s) a(s1) ‘a(s)
X X

Figure 3.2: (a) A two-dimensional vector a(s) shown for s = 51,57, 53. The head
of this vector traces out a curve as s is varied. (b) The derivatives of this vector at
s = 51,582,853, which are tangent to the curve at these points. This results from the
analogous construction shown in Fig. 3.1.
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The numerator on the right-hand side is the difference of two vectors, and the
denominator is a scalar that multiplies each vector. Thus, using (2.1) and (2.9),
we can write this equation in terms of the components of the vector as

- [<a1(s—|—As) —ay(s),ax(s+As) — ax(s), ..., an(s + As) —an(s)ﬂ

ds A0 As
— ( tim ay(s+As)—ay(s) o lim an(s+As) —an(s)
As—0 As As—0 As
da1 da2 dan
= —— 0, — . i
<ds’ds’ ’ds) 37

Thus, the derivative of a vector is obtained as the derivative of each component of
that vector:

da (da1 day dan> 38)

ds  \ds ds 7 ds

ExXAMPLE 3.2. Consider the particle trajectory

r(t) = (x(¢),y(t),z(t)) = (cost,sint,1). (3.9)

The physical origin of this trajectory will be discussed later in this chapter. The
derivative of this vector, which yields the velocity of the particle at each point
along the trajectory, is calculated by invoking (3.8):
dr

— = (—sint,cost, 1). 3.10
7 (—sint,cost, 1) (3.10)
By following the construction in Fig. 3.1, the derivative vector is seen to be tangent
to the trajectory at each point [Fig. 3.2(b)]. 1

3.3 Derivatives of Compound Expressions

The derivative (3.8) provides the foundation for calculating all types of expres-
sions involving products of scalar functions and products of vectors. Such prod-
ucts are called compound expressions. In this section, we calculate the derivatives
of the product of a scalar function and a vector, the dot product of two vectors, and
the cross product of two vectors. In each case, the basic method involves reducing
the calculation of derivatives of vectors to the derivatives of their components, to
which the basic results of differential calculus can be applied.
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3.3.1 Product of a Scalar Function and a Vector Function

The multiplication of an n-dimensional vector vector a(s) by a scalar function
f(s) is written as

f(s)a(s) = (f(s)ai(s). f(s)ax(s)..... f(s)an(s)). (3.11)

The derivative of this vector is obtained by using the rule for the differentiation of
the product of scalar functions, which is the second equation in (3.4):

d(fa) _ (d(fal) d(faz) d(fan))
ds ds = ds ' ds

a +fﬁ,...,$(l

( ds’%2

d d d d d
—al, —faz, . —fan> + (f—al ,f—az, .. .,f—an>
S S S S

dal df day  df dan)

ds  d " ds d d d
_ df dal daz dan
- dS (al’a27 ’a}’l) +f< d ’ dS B . ds )
df  da
=— — 12
dsa+fds (3-12)

(3.13)

3.3.2 The Dot Product

The derivative of a dot product of n-dimensional vectors a(s) and b(s) proceeds
with similar steps as in the preceding section:

da-b) d
(“ )_4 (b1 +ashy+ " +asb,)

( albl d(azby) N d(anbn)>
S

+ ds

day d d db dby . db
(d_ 1+ﬂb2+ -+ da”b>—|—<a1—sl+a2—2+ . ta Sn>
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day day da,
=——....,— | - (b1,b2,...,]
(ds’ds’ ’ds>(1’2’ )
dby db,  db,
+()<d_d_d_>
da db
= P 3.14
ds ta ds ( )

The derivative of a dot product is, thus, analogous to that of a product in ordi-
nary calculus. We have preserved the order of the two factors in our calculation,
but, in accordance with the properties of this product, this is not necessary. To
summarize:

(3.15)

3.3.3 The Cross Product

The derivative of a cross product also proceeds as in the preceding two sections,
but we will now restrict ourselves to three-dimensional vectors and we must main-
tain the order of the factors, as required by property 2 in Sec. 2.2.2. Then, from
(2.55), we have

d(axb)
ds

d ) .
=7 [(a2b3 —azby)i+ (asby —a1b3) j+ (a1bs —azbl)k]

d(aybs —azby) d(azby —asxbz) d(aibs — 513171))

- < ds ’ ds ’ ds

= dﬂ/% +a2% _da 2—03@,
ds ds ds ds
da3 db1 da1 db3
25 +a3g—g 3—611%,
daj dby day dby
Ebzﬁ-alg—g 1—a2$>

= <@b3—@b2 612%—613@,
ds ds d d
dﬂ’n _da b3 asﬁ—m%,
d d ds ds
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da1 daz db2 dbl
h— %) e
ds *  ds 1o ds s )
d(lz d(l3 d(13 da1 d(ll d(lz
= —=bs— —by,—b; — —b3,—br)— —=b
<ds 3T s ds ' ds Vst ds ])
L dbs B db, db; _ dbs  dby B db;
@ ds = ds 43 ds @ ds A ds @ ds
da db
et == .1
s ><b—|—a><ds, (3.16)

which again follows the product rule of ordinary differential calculus. In sum-
mary,

dlaxb) __ d—axb+ax@
ds  ds ds’

(3.17)

3.4 Examples from Physics

Derivatives of vectors are used throughout classical physics. In this section, we
consider three applications that illustrate how some standard results are obtained
through vector analysis.

EXAMPLE 3.3. Figure 3.2 shows the relationship between the trajectory defined
by a position vector r(¢) and the derivative of that vector, which is the tangent vec-
tor to the trajectory. Suppose we have a trajectory such that the direction changes,
but the length does not, that is, the trajectory is a circle. As the length of the vector
does not change, |r(t)| is a constant, which means that |r()|? is also a constant.
Taking the derivative of the latter expression using (3.15),

d(|r*) _d(r-r) dr dr dr

_ar Ay 1
d a a T T (3.18)

Since the magnitude of r(¢) is assumed to be constant, the left-hand side of this
equation vanishes, whereupon we conclude that
dr

r-—=0, 3.19
7 (3.19)
which means that r(¢) and the velocity vector are perpendicular to one another. I

EXAMPLE 3.4. A somewhat more substantial example is based on Newton’s law
of gravitation, which is a special case of Newton’s second law. We consider a body
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of mass m orbiting around a body with a much larger mass M. The trajectory r(¢)
of the orbiting body is determined by

d*r GMm
Mm——s = ———5—
dt? r2

where G is the gravitational constant and

r, (3.20)

p=l =T (3.21)
[ r
is the unit vector along the radial direction.
To explore the consequences of this equation of motion, we take the cross
product of r and each side of the equation. After cancelling the factor of m from
this equation, we find:

2
rx%:—Gr—jzw(rxi'):O. (3.22)

This derivative vanishes because r and # are collinear. Now consider the time-
dependence of the quantity rxdr/dt:

d dr\ dr dr d*r

—(rx— )| =—Xx—+4+rx— =0, 3.23
dt< dt) a a7 (3:23)
because the first term is a cross product of a vector with itself, and therefore van-

ishes, and the second term vanishes on account of (3.22). Hence, we conclude

that J
r

X— =c, 3.24

rx—=c (3.24)

in which ¢ is a constant vector (that is, independent of time). Referring to Fig. 3.3,
we see that the differential area dA swept out by the trajectory is dA = %]rx dr|,
which, in terms of time derivatives is

dA 1‘ dr (3.25)

ar 2|

c
2 b
which is a constant. Integrating this equation over the time interval (¢1,7,),

2 dA 2 ¢ c
—dt =A(th) —A(t1) = —dt =—=(th—11). 3.26
- () —A(tr) 2 2(2 1) (3.26)

We have therefore shown that the trajectory sweeps equal areas in equal times
This is Kepler’s second law. I
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r—+dr dr

r r(t)

X

Figure 3.3: The construction used in Example 3.4 to prove Kepler’s second law.
The shaded area corresponds to 1|rxdr|.

EXAMPLE 3.5. The Lorentz force on a particle of charge ¢ in a magnetic field
B, but no electric field is F = qv x B, where v(¢) is the velocity of the particle.
Newton’s second law for this particle can be written as

dv
mos=qv (3.27)
where m is the mass of the particle. Suppose that B = (0,0,B;), so only the z-
component is non-zero. The cross product in the Lorentz force is calculated by
using (2.55):

i j k
gvXB=gq|v, vy v, |=qvB;i—qvB.]j. (3.28)
0 0 B,

Notice in particular, that there is no z-component of the force, so v, remains con-
stant. If v, = 0, then the motion of the particle is entirely in the x-y plane.

From the definition of the cross product, the Lorentz force is perpendicular to
both v and B. Consider the differential work done by a force moving an object by
a distance dr:

dW =F -dr=F -vdt, (3.29)

which vanishes for the Lorentz force. Hence, the Lorentz force does no work on
the particle, so the kinetic energy of the particle does not change. The solution of
Newton’s second law using (3.28) with v, = 0 shows that the trajectory is a circle.
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The Lorentz force must point inward, so for ¢ < 0, the right-hand rule requires
that the particle motion is in the counterclockwise direction when viewed from
the positive z-axis. If g > 0, then the particles moves in the clockwise direction
when viewed from the positive z-axis. I

3.5 Calculus of Three-Dimensional Vector Fields!

The mathematical description of continuous media is often expressed in terms of
quantities called ‘fields’, which, to every point (x,y,z) in a region of space assign
a scalar f(x,y,z), or a vector v(x,y,z). These are called scalar and vector fields,
respectively. In addition to their spatial dependence, they may also depend on the
time. The fundamental equations in many branches of science and engineering
are formulated in terms of scalar and vector fields

Vector calculus is the extension of differential and integral calculus to higher
spatial dimensions. Differentiation and integration have some straightforward ex-
tensions in higher dimensions, but there also some altogether new constructions
that underlie the conceptual and computational richness of multivariable calcu-
lus. The connection between derivatives and integrals through higher-dimensional
analogs of the Fundamental Theorem of Calculus is embodied by the main integral
theorems of vector calculus.

Vector calculus is based on the vector differential operator

Jd d d Jd. o . d
V:(a,a—y,a—z):ahta—yﬁra—zk, (3.30)

which is read as ‘del’ or ‘nabla’. This operator can be applied to scalar and vector
functions in a way that formally is similar to scalar multiplication of a vector and
vector dot and cross products. Each operation gives a different type of information
about the function being differentiated.

The analog of scalar multiplication is the application of (3.30) to a scalar
function f(x,y,z) and is known as the gradient of f:

vi=93 90509

ox' Tyt T o; (33D

The result of this operation is a vector. The direction of Vf is the direction in
which the change in f has the largest value and the magnitude |V f| is the value of
the corresponding derivative.

IFor information only; not examinable.
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The construction analogous to the dot product between (3.30) and a vector
function

v(x,y,2) = ve(, 3, 2)i + vy (x,3,2) j + v (%3, 2)k, (3.32)

is called the divergence of v and is given by

= x, vy Ov (3.33)

V'v_g dy dz’

The physical significance of the divergence is the rate at which ‘the density’ de-
scribed by the vector field (e.g. charge, fluid) exits, or ‘diverges’, from a region
of space. The definition of the divergence follows naturally by noting that, in the
absence of sources or sinks of matter, the mass density within a region of space
can change only by the flow of matter into or out of that region. This property is
fundamental in physics and is known as the principle of continuity.

Finally, the analog of the cross product between (3.30) and the vector function
(3.32) is called the curl of v:

U A |
d d 0
VXV— yx a—y a—z
R
(v, vy, [dvye v\, (dvy I
_<a_y 8_z>l+<a_z )it (5250 )k (3.34)

The curl of a vector field is the amount of ‘rotation’ of the contents of given region
of space. For example, the vorticity of a fluid field is described by the curl of the
velocity field of that fluid.

3.6 Summary

This chapter provided a discussion of how to take derivatives of vectors and as-
sociated quantities. The fundamental result is the definition of the derivative of
a vector in (3.8). All the other results in this chapter were obtained by applying
this formula and reducing vector expressions to enable the rules for derivatives in
ordinary calculus to be applied.


Mark Gill
MPH

Mark Gill
marksphysicshelp


42

marksphysicshelp

Linear Algebra


Mark Gill
marksphysicshelp


