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Example sheet 5

Series

Question 1.

Prove this comparison test;

Proposition: Let > 7, b, be a divergent series such that 0 < b;. The series
> ey ay diverges if by < ay for all k € N*.

Then use this to prove;

Proposition: Let Zzozl b, be a divergent series such that 0 < b,. The series
22021 ay, diverges if there exists N € NT such that for all £ > N then b, < a.

Answer:

Proof. (of first claim)

Denote the partial sums of "7 a; and Y, by as the sequences (5,) and (7},) re-
spectively.

Since 0 < ay, and 0 < by then (S,,) and (7},) are increasing sequences. Since 0 < by, < ay,
then T}, < S,, for all n € N*.

Since Y -, by is divergent, then 7), is divergent (ie. does not converge).

Assume for contradiction that - a converges so that (.5,,) is convergent. Then let
the limit be S,, — S as n — oco. Since S, is increasing, S, < S for all n. Since T,, < S,
then T,, < S. Then (7},) is an increasing sequence that is bounded above, which implies it
converges, leading to a contradiction.

Hence we conclude that (S,,) cannot converge, so Y .- aj is divergent.

Proof. (of second claim)
Define new series; Y o, @ with ax = apyn and Y po | by with by = by y.
If 372 by, diverges then 322, by, diverges (they differ only by the number, ST0_ by).
Now since 0 < by < ay, for all & > N, then 0 < b, < @ for all k£ € N*, and we can
apply the first proposition to conclude that >/, a; diverges.
Then this implies Y ;- | ax also diverges (since they differ only by the number chvzl a).
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Question 2.
Use the comparison test to prove whether the following series converge or diverge;
a) Z;ozlkipforp<1

b) X 7

¢) 2t

d) Zk:l / (E+2) (k+5) (k+7)

[

€) Do 17 k+1)(k+3)

f) 0o k2—k+3
k=1 k(4k3-1)

You may use the results from lectures;
e the geometric series > -, b* is convergent for [b] < 1.

e the series Y .-, kip converges for p > 1 and diverges for p = 1.

Answer:

Claim: > 7, aj with a5 = kip for p < 1 is divergent.

Proof. Now for all £ € N we have,

ap =

N

1
ﬁ >
since p < 1.

Now, .2, by, with b, = + diverges, so since 0 < by < a; then by comparison Y ;7 | ax

diverges.
O

Claim: 220:1 ay with a; = % is convergent.
Proof. Now for k > 1 then,

1 1 1 1
ak:_:

M- D)h—2) 1 k-1 = h—1p

Now, >"p7, & converges, so Y., by with by = = converges. Then since |a;| < by by

(k— 1)
the comparison » ;- aj converges.
[

==

5

Claim: )7, a; with a; = 2 is divergent.
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Proof. We have,

ot
;"N| el
AV
el

ap =

Now, > "2, by with b, = % diverges, so since 0 < by < a; then by comparison Y ;- ay
diverges.
]

. 2 .
Claim: ) 7, (k+1)](§—k+3)2’“ is convergent.

Comment; since ag ~ 2% for k — oo so this should converge.
Proof.
k2 1 _ 1
ar = ——— R
T e+ 1) (k+3)2F 2k

Since Y., 5 converges, then by the comparison test, >~ | ax converges (as 0 < ay < 5r).
[

Claim: > 7, aj with a5 = \/(k+2)(:+5)(k+7) is divergent.

Comment; we can see the terms tend to a, ~ 1/v/k so this should diverge. How do we
prove it carefully? For example, we can show that for very large k then a; > 1/k and
> ope  diverges...

Proof.
k 1 1
ap = =
VE+2)(E+5)E+T) VE \/(1+%)(1+%)(1+%)
Since, uy = L limits to u,, — 1 as n — oo, then there exists N € N such
V+Ha+2)0+1)
that for £k > N then,
S 1
a J—
"=k

Then the second proposition in question 1 tells us that since Y -, % diverges, then " | ay

diverges.
O

Claim: )_.°, % is convergent.

Comment; since a; ~ ﬁ for K — oo so this should converge. We can compare it to, for
example, Y 72 1/k%? which converges. (We could choose to compare to any > ro 1/kP
with 1 < p < 2).
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Proof.
1 1-3+3
e = 72 1
4k (1 =1
1.3
Since up = E1k—+1kZ) — 1 as k — oo then there exists NV such that for £ > N then a; < k%
k3
Then since, > -, k31/2 converges then by the comparison test Y .- a; converges (as
0 <ay < 35 for all k> N).
O]
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Question 3.

Prove whether the following alternating series converge or diverge;

)kl

a) >y (1+k2)

2+k
b) Yoo, S

You may use state without proof standard tests.

Answer:

Claim: ) -, (12:2; is convergent.

Proof. We have, > (—1)*"'a;, with,

1

O ey

and so (a) is a decreasing sequence with ay — 0 as kK — oco. By the alternating series test
this converges.
O

Claim: )7, % is divergent.

Proof. We have > 7| aj with,

(—DF2+k)
(1+k)

ap —

A standard necessary condition for convergence of > 77 ay is that |ax| — 0 as k — oo.
Since this is not the case, with |a;| — 2 then the series Y ;- | a; must diverge.
]
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Question 4.

Use the Ratio test to decide on the convergence of these series;

2

a) 3. 15w
b) Yoy
You may use the limit (1+ )" — e as n — oo.

Answer:

. 2
Claim: )" 5= converges.

Proof. We have >~ aj with,

k‘2
ap — ?
Consider,
k 2
U = Ak+1 _ (2:—4—13 _ (/{3+1)2
F Qe g—i 2k2
Then y, — y = % as k — co. Hence from the Ratio test since y < 1 the series > ;- ax
converges.
O
Claim: Y ° | ™ converges.
Proof. We have >~ aj with,
k!
ajp = ﬁ
Consider,
e N (k(J’:;L)}C)J!rl _ K1
Y = o = L) = (k+1)k+1( +1)

RDF =~ DR

We are given in the question that y, — y = % as k — oco. Hence from the Ratio test since
y =1 <1 the series Y ;7 a; converges.
O
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Question 5.

Consider the power series

(2 — (=1)") 2"

n

Show that the Ratio test is inconclusive.

Deduce that the Root test shows the series converges absolutely for |z| < 5 and

diverges if |z| > % What happens for x = j:%?

N

Answer:

Firstly consider the ratio test. We have >, aj with,

ap = (2 — (=1)%) 2Fa*

Then,
_ ak:-i—l (27(71)k+1)2k+1xk+1
Yk = an (2_(_1)k)2kxk
_ (2+(=1))
pdic==nD)

However we see y, does not converge as k — oo, but asymptotically alternates between
6]z| and 2|z|.
Secondly consider the root test. Then,
3 kY ok k| %
e = lal* = [(2 = (=1)F) 2¥a*|*
1
= 2[z|[2 = (=1)k|F

1
Now recall that since 3'/% — 1 as k — oo and 1/¥ =1 then |2 — (—1)¥|* — 1 as k — oc.
Hence,

yp =y = 2|x|
Thus the root test says that for |z| < § so y < 1 then the series converges. For |z| > 3 it

diverges. For |z| = 1 it is inconclusive.
Consider || = +3. Then,
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A necessary condition for convergence is |ax| — 0 as k — oco. So this does not converge

(as |ag| 4 0).

Consider |z| = —1. Then,

and by the same argument as above this does not converge.
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Question 6.

Use the Ratio test to deduce the radius of convergence R of the following two power
series. Show that the first converges when z = £R and the second diverges for
r==R.

2) (L) ke
b) To(~1)" (24 n2) 2"

Answer:

a) We have Y °  a, with,

ap, = (—1)"——=x
(n+1)2
Then,
Y = Ap41 _ (_1)n+1@73n+1
" an D" 2"
n+2)2
EnL;?m — ‘LE|

as n — oo. Hence the Ratio test implies the series is convergent for |z| < 1, and divergent

for |z| > 1.
For x = %1 then,

1
T | | —
an = (E)" Ty
SO,
an 1 _1
p| = ——5 < —
(n+1)2 = n?

Since > 7, n_12 converges, then > 7 ~a, does by the comparison test.

b) We have )" a, with,
a, = (-1)" (2" + n®) 2"
Then,

Ap+1
Qp,

Yn =

_ (71)n+1(2n+1+(n+1)2)xn+1
B D@ +n?)a"

27+ 4 (n+1)2
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as n — oo. Hence the Ratio test implies the series is convergent for |z| < 3, and divergent

for |z| > 1.
n2
n| — 1 o
ol = (145;)

For xz = i% then,
and so |a,| — 1 as n — oco. A necessary condition for convergence is |a,| — 0. Hence the
series is divergent for these values.

10
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Question 7.

Consider the series

S

$ o

n=0

3

where |a,| < B. Show that the partial sums of this series are a Cauchy sequence

(hence the series converges).

Answer:
Claim: The partial sums S, = >/ _, 5¢ are a Cauchy sequence.

Proof. Consider n > m so,

a1 G
Sn — Sm — = —
P
Hence,
1 n—m -
Sp— Sm| = =—
k=1
1 — am+k . . .
< o ’ o ‘ (triangle inequality)
k=1
Bx~1 _ B<1 B 1
<N _ <N _ 2 =
= om 2k—2m22k om1 _ 1
k=1 k=1 2

Let ¢ > 0. We may always choose N € N* such that B/2V~1 < e.

n,m> N,

B B
|Sn — Sml < max{W,W} <€

So the partial sums are a Cauchy sequence.

11

Then for all
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