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Ist-Year Mathematics: Complex Analysis

Solutions to Problem Sheet 1 2017

Tutorial

1. Given that z = ré’

2.

% we have

(@) = [(re®)] = (Pe) =P e 0 = (re )’ = ().

(a) Suppose zg is a solution of az® +bz+c =0, and therefore also of z2+b'z+ ¢’ = 0 where

(b)

b’ =b/aand ¢’ = c/a and a # 0. Given that zj; is also a solution implies that

(z—20)(z—29) =0,
or

2 * 2
77— (z0+2p)z+ 120" =0,

showing that 5" and ¢’ must be real. Conversely, if a, b, and c are real, then the conjugate
of azz+bz+c=01s

a(Z)* +b +c=0,
or

a(z*)* 4+ bz +¢c=0,
showing that z* is also a solution.

The roots of the polynomial are
1
=15 (~1=vi—a)

which for ¢ > }1 has complex roots,
1 1
=——xi—Vva4r—1.
o 2 '

The solutions will map out a circle centered at z = —1 in the complex plane. (To see this
either show that x = Re(z),y = Im(z) satisfies (x+1)2+y> = 1, or that [z 4 1|* = 1.)

A
{ON

v

MPH


Mark Gill
MPH

Mark Gill
marksphysicshelp


marksphysicshelp MPH

(c) Rotating the figure through 90° is equivalent to multiplying both solutions by em/2 =
thus
1 +i ! véar—1
o 2t 2t
1 i
=tV —-1——
2t 2

Forming the polynomial by multiplying together the two solutions gives
p=(z—z¢+)(z—2-)

1 ] 1 ]
= z——\/4t—1+i z+—\/4t—1+i
2t 2t 2t 2t

1
= — (i =izt 1),

thus reducing p = 0to —#z> —iz-+1=0. So one solutionis a(t) = —t,b= —iand c = 1.
All other solutions are multiples of this set. The solutions that were conjugate pairs for
the original equation are not conjugate pairs for the new equation as the coefficients of

the latter are no longer real. An arbitrary rotation of angle 8 can be made by substituting
z+ with e’ezi

Problems

1. For a complex number a + ib, in which a and b are real, the real and imaginary parts are
given by Re(a+ib) = a and Im(a +ib) = b, respectively. Thus,

(a) Re(8+3i) =8, Im(8+3i) =3.

(b) Re(d—15i) =4,  Im(4—15i) = —15.

(c) Re(cosO —isinB) =cosH, Im(cos® —isinB) = —sin 6.
(d) =—1. Re(?)=-1, Im(?)=0.

(e) i(2—5i)=5+2i. Re(5+2i) =5, Im(5+2i) =2.

(f) 1+2i)(2-3i)=2-3i+4i+6=8+i. Re(8+i)=8, ImB+i)=1.

2. Applying the rules for the multiplication and division of complex numbers yields:
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(a) (5—i)(2+3i)=10+15i—2i+3=13+13i.
(b) 3—4i)(3+4i)=9+12i—12i+16=25.

(¢) (1420 =(14+2i)(14+2i) =1+2i+2i—4=—-344i.

10 10 ><4+2i_ 40+20i  40+20i

4-2i 4-2i 4+2i 16+8i—8i+4 20

3—i 3—ix4—3i 12—-9i—4i—3  9—-13i 9 13
= = = :——l—.

4+43i 4+3i 4—3i 16—12i+12i+9 25 25 25
1 1 —i

f) o= - x — = —i.

@) F=7x5=-

3. We have that z = (5+7i)(5+bi) =25+ 5bi+35i—7b.

(a) If b and z are both real, then the imaginary parts of both quantities vanish. Thus,

(d) 241,

()

Im(z) =35+5b=0,s0 b= —T.

(b) If Im(b) = %, and z is pure imaginary, then the real part of z vanishes:
Re(z) =25+ 5[iIm(b)]i — TRe(b) = 25— 4 —TRe(b) =21 —TRe(b) =0,
so Re(b) =3.

4. The graphical representation of the complex number z = x+ iy is the point (x,y) on a set of
axes where the x-axis corresponds to the real part of the complex number and the y-axis the
imaginary part. The required points are

Im(z)
(b) )
] 2@ (a)
o)
4 -3 -2 -1 2 3 4 k@
{ ] -2
© Q
4

5. For a complex number z = x+ iy, the polar form is z = re' where

r=+/x2+y%, O:tan_l(f—c).
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a) z=i.Wehavethat x=0andy=1, sor=1, and @ = 7. Thus i = ¢!™/2.
(a) y=1, , 5
(b) z=—i. Wehave thatx=0andy=—1, sor=1, and 6 = %77: Thus —i = e3%/2,
¢) z=1+i Wehavethatx=1andy=1,sor=+2, and 6 = 7.
(c) y=1, : i
Thus 14i = /2e/™/4.
(d) z=1—i+/3. We have that x = 1 and y = —+/3, so r =2, and
0 =tan~!(—/3) = —4x. Thus 1 —i/3 =2¢77/3,

0

6. A complex number z = re'? can be written as z = rcos 0 +irsin 6. Thus,

(a) e 37/* =cos(3x) —isin(3m) = - Iri_ —%\/E—i%\/i,

V2
. ) I+i 1 1
5 (5 -
(b) €™/* = cos(37) +isin(37) = — 7 :—5\/5—15\/5.
(c) 3¢ =3cos1+isinl.
RV SN SNV SOV
—e = —cos(x o =

T)— TSln(gﬂ') =

(d> \/gem.ﬂ: 3 3 (3 ) 5
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