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Mathematical Analysis 2017-8
Toby Wiseman

Tutorial problems 4 - Sequences

Question 1.

Prove the following using € — N (ie. from first principles, don’t assume any other
results about convergent sequences);

1. The constant sequence (k,,), with k, = k for some k € R, converges to k.
2. Letan:n—lg. Then a,, — 0 as n — oo.
3. Let b, = n?. Then the sequence (b,) does not converge.

4. Let ¢, — c and d,, — d be convergent sequences. Let x,, = 2¢, — 3d,,. Then
Ty, — 2¢c— 3d as n — 00.

5. Letw>1andun:w%. Then u,, > 1 as n — oo.
6. Let0<z<1andvn:,z%. Then v,, — 1 as n — oo.

Answer:

Claim: Let k,, = k. Then k,, — k as n — .
Proof. Let € > 0. Choose any N € N*. Then,

|k, — k| =0<e

Claim: Let a,, = # Then a,, — 0 as n — oo.

Rough work:

11
ﬁ $<6
1
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End of rough work.

Proof. Let € > 0. Choose an N € N* such that N > . Then for n > N, then n >

1
Ve ve 50
that, —n12 <€

1

|an—0|:ﬁ<e

Claim: Let b, = n?. Then (b,) does not converge.

Proof. Assume for contradiction that b, — b for some b € R.

Then there exists N € NT such that for all n > N,
b, — b = |n* —b| < 1
However, consider n > /1 + [b]. Then n® — [b| > 1, and so, n?> — b > 1 and hence,
|n2 — b‘ > 1

but this is a contradiction.
O

Claim: Let x,, = 2¢, —3d,, with ¢,, — ¢, d,, = d asn — oo. Then x,, — 2c—3d as n — oc.

Rough work:

|z, — (2¢ — 3d)| = |2(c,, — ¢) — 3(d,, — d)| < |2(cn, — )| +|3(dp, — d)| = 2]|c,, — | + 3]|d,, — ]

End of rough work.

Proof. Let € > 0.
There exists N € N* such that |c, —c| < § for n. > N;.
There exists N, € N* such that |d,, — d| < § for n > N;.

Let N = max{Ny, No}. Then for n > N,

]xn—(2c—3d)]§2]cn—c]—i—3\dn—d\<2~§l+3-%:e
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Claim: Let w > 1 and u,, = ww. Then U, — 1 asn — oo.
Rough work:

Note that wr» > 1 for w > 1.
1
wn —1<e
wn < 1 + €

1

—logw < log (1 +€)

n

log w
log (1 +¢)
End of rough work.

Proof. Let € > 0. Choose N € N such that N > b};(g—lﬂ’;). Then for n > N we have,

n > loéo(gll S0, %logw < log (1 +€), and so wn — 1 < e. Noting that ww > 1, then for

n > N we have,

1 1
|un—1|:‘wn—1‘:wn—1<6

Claim: Let 0 < 2z < 1 and vn:z%. Then v,, —» 1 as n — oo.

Rough work:
Note that z= < 1for 0 < z < 1. Assume that € < 1 otherwise the first inequality below
is trivial.
1
1—2n <e
2> 1—e¢

1

—logz > log (1 —¢)

n

1 1 —

1_ og (1 —¢e)
n log 2
log 2

> S —

" log (1 —¢)

where we note log z < 0, and log (1 —€) < 0.

End of rough work.
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Proof. Let € > 0.

If € < 1 choose N € N* such that N > bglo(glfe).

If € > 1, then (for any n),

|Un—1|:‘1—2:% =1—zn<1<e
Otherwise € < 1, so for n > N we have, n > 10g10(g1i6) s0, +log z > log (1 — €) (recalling

that log z < 0), and so zw >1—¢. Then, for n > N we have,

1
=1—2zn <e€

|vn—1|:‘1_z%
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Question 2.

Prove that the sequence, (x,), defined by,

Tl = % , n>2

converges for any real values of x, xs.

[ Hint: show it is a Cauchy sequence. |
Answer:
Claim: z,, defined above is a Cauchy sequence.
Proof. From the definition we see;

o = = 2L

so that for n > 1,

Let € > 0. Choose N € NT such that N > log, (M) ie. then, |:”22]V__x21‘ < €.

€

Then for all n > m > N,

Ixn - Im| - |xn —Tp 1+ Tp—1—...— Tm+1 + Tm+1 — Iml

S ’xn - xn71| + ’xnfl - xnf2| +.oo ‘merl - xm|

’132—371‘ \$2—$U1| |2U2—$1’
- n—2 + on—3 +..ot oam—1
’132 — .Tl‘ 1 1
— 14+ =4+ =+4...
< m—1 + 5 + 5% +
. ’132—371‘ 1 . ’1’2—271‘ ’1’2—271‘
T om-1 1 — % T 9m—2 IN-2

Hence it is a Cauchy sequence (and therefore converges).
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Question 3.
Prove that the sequence, (x,), defined by,
Tpy1 = arctanz, , n>1

converges for any x; € R.

[ Hint: Sketch a graph of arctan to figure out how this sequence behaves. You may
use the fact that arctanz < z for > 0. |

Answer:

Claim: (z,) defined above converges.

Proof. There are 3 cases;

e r; = (0. In this case x,, = 0, since arctan() = 0. Hence the sequence converges to
ZEro.

e 71 > 0. Since arctanz > 0 for & > 0 then all z,, > 0. Hence (z,) is bounded from
below by zero. Then (x,) is decreasing, since z,4, = arctanz, < z, (for z, > 0).
Since (x,,) is bounded below and decreasing it is convergent.

e 71 < 0. Since arctanz < 0 for x < 0 then all z,, < 0. Hence (z,) is bounded from
above by zero. Then (z,) is increasing, since z,,; = arctanz, > xz, (for z, < 0).
Since (z,,) is bounded above and increasing it is convergent.
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