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Mathematical Analysis 2017-8
Toby Wiseman

Tutorial problems 5 - Series

Question 1.

Carefully prove whether the following series are convergent or divergent;

00 k2—1
a) D p_y B2 ki1

b) 220:1(—1)’“
c) ZZO:W%

0o _1)k—1
d) Zk:l%

e) ZZL ﬁ

©  k+1
f) k=1 k!

8) Y i

You may use the standard tests (eg. comparison, alternating series, root, ratio)
without proof and also assume;

k

e the geometric series Y ., z" is convergent for |z| < 1.

e the series Y o, k%p converges for p > 1 and diverges for p = 1.

Answer:

For these answers we recall the comparison test results;

e Let > 77 by be a convergent series such that 0 < b,. Then the series > . a
converges if there exists N € Nt such that |ag| < by for all £ > N.

o Let 220:1 br be a divergent series such that 0 < b;. Then the series 220:1 ay diverges
if there exists N € N* such that 0 < b, < a;, for all &k > N.

Also remember the Cauchy convergence test has the corollary that a necessary (but not
sufficient) condition for >~ by, to converge is that by — 0 as k — ooc.
k2—1

. o0 .
Claim: 7 | 75 diverges.
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Proof. This series is Y -, a with,

k?—1

R C R

Then a;, — 1 as k — oco. A standard result (the Corollary of the Cauchy convergence test
in the lecture notes) is that a necessary condition for convergence is that a — 0, so this

series diverges.
O

Claim: Y ;- (—1)* diverges.
Proof. This series is Y - | a; with,
Q. = (—1)k

Then a;, — 1 as k — 00. Since a; does not tend to zero, for the same reason as above, this

implies the series diverges.
O

Claim: )7, \/LE diverges.

Proof. Consider the series >, aj, where,

AV
| =

ap —

5=

for all k € N*,
Now > 77, by with by, = % diverges, and 0 < b, < a; and by the comparison test hence
> re  ay diverges.
]

Claim: ) 7, % converges.

Proof. This series is Y oo (—1)*"'b;, where,

b = —
CVE

Note that (by) is a decreasing sequence with b, — 0 as & — oo. By the alternating series

test then the series converges.
O

Claim: ) ° | 4 converges.
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Proof. The series is Y., aj, where,

1 1

R
T e S 2

Then we have |ag| < by = k% Since ) .-, by is convergent, then by the comparison test
220:1 ag 1s convergent.

[
Claim: )7, &L converges.
Proof. The series is Y .- | ay, where,
k+1
Uk =~
Consider the ratio test, so,
e || ﬁ _k+2 1
ay, == E+1(k+1)
We see y, — 0 as k — oo and hence by the ratio test the series converges.
O

Claim: ) -, \/ﬁ diverges.

Proof. The series is >, ai, where,

1 1 1

a = = —

TVIFR K 14+ L

k?

Since i — — 1 as k — oo, then we may find N such that for & > N then,
w2

- 11
a/ [E—
Tk

Then we have 0 < by = i < ay. Since Y, by is divergent, then by the comparison test
> ore, ay is divergent.
O
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Question 2.

Show that > 7o %

# converges, where (b;) is a sequence where [by| < B for B € R
and all £k € NT.

Answer:

Claim: Y ;% % converges for |by| < B for B € R.

Proof. Write the sum as >~ a; with,

b,
A = ]{,‘2
so that,
o = 2 < D
N
Now since the series > -, k% converges, so does > -, k%, so by the comparison test our
sum Y, aj, converges too since |ai| < 3.

]
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Question 3.
Use the Ratio test to prove the following;

(a) the Taylor series (about zero) of the exponential function, the power series

e’ =Y, La™, converges absolutely for all z € R.

(b) the Taylor series of the logarithm (about one) given by the power series

In(l1—2) = =3, ta", converges absolutely for |z| < 1 and diverges for

|z| > 1.
What happens for x = £17

Answer:

Claim: >~/ %x" converges absolutely for any z € R.

Proof. We must show that >~ L.2™ converges absolutely, and hence must show > 7> | L |z|"
converges.

Write the sum as >~ a, with,

an = E|x|n
Consider the Ratio test, so,
1 1
" a, Lz (n+1)

For any x this has the limit, y, — 0 as n — oo. Hence by the Ratio test the sum converges.
]

Claim: )", Lz" converges absolutely for any |z| < 1.
Proof. We must show that > > | +a" converges absolutely for any |z| < 1, and hence must

show >, L|z|™ converges.

Write the sum as >~ | a, with,

1
a, = —|z|"
n
Consider the Ratio test, so,
1
= Gn41 (n+1) Edia __n 2]
" ay, Lz (n+1)

Then since ( "~ — 1 we have, y, — |z| as n — oo. Hence by the ratio test the series

n+1)
converges for || < 1 and diverges for |z| > 1. It is inconclusive for |z| = 1.

]
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Claim: >, Lz" diverges for © = +1.

Proof. When x = 41 we have the series,

[e.e]

1, . 1
=D Ht==)
n=1 n=1

which is divergent.

Claim: > 7, 12" converges for z = —1 (but not absolutely).

Proof. When x = —1 we have,

@) =-3 (1=

n=1 n=1

(-1t

S|
S|

and since this is an alternating series of the form Y, (—1)¥'b, with by > 0, by the
alternating series test this converges (since by = 1/k — 0 as k — 00).

However, it does not converge absolutely since then > o° | [£(=1)"| = >, L which

diverges.
O
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